The dual of a polyhedron is a polyhedron -or in graph theoretical terms: the dual of a 3-connected plane graph is a 3-connected plane graph. Astonishingly, except for sufficiently large facewidth, not much is known about the connectivity of the dual on higher surfaces. Are the duals of 3-connected embedded graphs of higher genus 3-connected, too? If not: which connectivity guarantees 3-connectedness of the dual? In this article, we give answers to this and related questions. Among other things, we prove that there is no connectivity that for every genus guarantees the 3-connectedness or 2-connectedness of the dual, and give upper bounds for the minimum genus for which (with c > 2) a c-connected embedded graphs with a dual that has a 1-or 2-cut can occur. For the torus, we determine exact values for the connectivity needed to guarantee 3-respectively 2-connectivity of the dual. We prove that already on the torus, we need 6-connectedness to guarantee 3-connectedness of the dual and 4-connectedness to guarantee 2-connectedness of the dual.
Introduction
Relations between dual polyhedra have been observed at least since Kepler in 1619 <4>, but it was not until several centuries later that duality was formally defined. One of the first definitions was given by Brückner <2; 11>. With graph embeddings, duality can be abstractly defined for any embedded graph: the dual G * of an embedded graph G is an embedded graph, whose vertices are faces of G; two faces of G being adjacent as vertices of G * whenever they share an edge in G <5; 6; 5>. It is folklore that the dual of a polyhedral embedding (i.e. of a 3-connected plane graph)
is again a polyhedral embedding. Mohar (<5>, Proposition 3.8, Proposition 3.9, Proposition 3.2)
• Let G = (V, E) be an embedded graph and V c ⊂ V a cutset in G. The set F b of boundary faces is the set of all faces (v 0 , v 1 ), (v 1 , v 2 ), . . . , (v k−1 , v 0 ), so that there exist 0 ≤ i < j ≤ k − 1, so that v i ∈ V c and v j ∈ V c . Note that v i = v j is possible. For a component C of G − V c , let F b,C be the subset of faces of F b that contain at least one vertex of C.
• The embedded boundary multigraph G b is the bipartite graph with vertex set V c ∪ F b , where a vertex v ∈ V c is adjacent to f ∈ F b if v ∈ f . For each time v occurs in the closed boundary walk, there is an edge {v, f } of f and the embedding is given by the rotational order around v, respectively the boundary walk. We consider the embedding to be given by the rotational system, so the genus of G b is not necessarily the genus of G, but can be smaller. In general, G b need not be connected, but in all cases where we apply the Euler formula to G b , it will be connected.
• The graphḠ b is the graph G ∪ G b where the rotational order around vertices in V c is such that the edges to vertices in F b are inside the corresponding faces. The genus ofḠ b is equal to the genus of G.
• For a component C of G − V c , the set F C is the set of faces of G that are not in F b and contain only vertices of C ∪ V c in the boundary.
• If G is an embedded graph and G = (V , E ) a subgraph with an embedding induced by G, a G -bridge B of G is either a single edge of G − E with both ends in V , or a component C B of G − V together with the edges of G with one endpoint in V and one in C B and the endpoints of these edges in G . We say that a bridge B is inside a face f of G , if there is an angle e 1 , e 2 of f so that there is an edge of B in the rotational order between e 1 and e 2 .
• Bridges can be inside different faces. If for a face of G we have that all bridges inside this face are inside no other face of G , we call this face simple, otherwise bridged. Note that if a face f is bridged, there is at least one other bridged face f with which f shares bridges, but there could be more.
• Let G be an embedded graph, G a subgraph with an embedding induced by G and f a simple face of G. We define the internal component of f as follows: we first replace each vertex v that occurs k > 1 times in the facial walk around f by pairwise different vertices v 1 , . . . , v k .
If the angle at the i-th occurence of v is (v, x), (v, y), the neighbours of v i and the rotational order are given by all edges (v, z) in the cyclic order around v from (v, x) to (v, y) -including (v, x) and (v, y). The internal component of f is then given by all vertices on the modified boundary walk (which is now a simple cycle) of f together with all bridges inside f . So the boundary corresponding to f in the internal component of f is always a simple cycle.
If the internal component of a simple face f has genus 0, we call this face a simple internally plane face, otherwise a simple internally non-plane face.
The following lemma has the combinatorial version of the Jordan curve theorem as the special case g = g = 0 and G a cycle: Proof : Note first that if f is a simple face of G such that the internal component C has genus g C , the subgraph G f of G that consists of all vertices and edges of G and C has genus g f = g + g C : if v , e , f , respectively v C , e C , f C and v f , e f , f f are the numbers of vertices, edges and faces of G , resp C and G f , then -with l the length of the boundary cycle of f in C -we have
This gives
We will prove the result by induction in the number d of edges that are in G, but not in G .
If d = 0, we have G = G and s np = b = g − g = 0, so the result holds.
If d > 0 and there is a simple internally plane face f of G with non-empty internal component C, we can apply induction to G f , and as (with the notation from above) g C = 0, neither s np nor b or g change, the result follows immediately.
If d > 0 and s np > 0, let f be a simple internally non-plane face of G and G f as above.
For G f , we have (with the notation from above) that g f = g + g C ≥ g + 1, and with s np respectively b the number of simple internally non-plane faces of G f , respectively the number of bridged faces of G f , we have b = b and s np = s np − 1. By induction
Let now f = f be bridged faces of G so that there is a bridge B inside both faces f and f .
Let e, e be edges of B with endpoints in f , f , respectively. Note that e = e is possible if B is a single edge. In B, there is a path starting in an angle of f with edge e and ending in an angle of f with edge e . Adding this path to G to obtain G P , we get a graph with the same faces as G -except for f, f , which become one new face.
As in addition the number of edges added is one larger than the number of vertices added, we have, for the genus g P of G P , that g P = g + 1. Old simple internally non-plane faces are not changed, but the new face can be a new simple internally non-plane face. So with s np the new number of simple internally non-plane faces, we have s np ≥ s np . The new face can be simple or bridged, but in any case, with b the number of bridged faces of G P , we have b ≥ b − 2 as other bridged faces stay bridged. So we get
It is immediate that, for a given cutset V c , faces with vertices of different components in the boundary are in F b as in the closed walk around the boundary, the parts of the boundary containing vertices from different components must be separated by a different occurence of a vertex of V c at each side.
be an embedded graph and V c ⊂ V a cutset, so that, for at least two components C 1 , C 2 of G − V c , we have that F C1 and F C2 are not empty.
Then F b,C1 is a cutset in the dual graph G * .
connected, then there is a path
. Let f i be the first face that is not in F C1 . As it is adjacent to f i−1 in G * − F b,C1 , it shares an edge with f i−1 in G, so it shares at least one vertex from C 1 with f i−1 . This means that
-both of which are impossible.
Note that such a cutset F b,C1 in G b can contain vertices from different faces of G b if the component is bridging two or more faces.
be an embedded graph and V c ⊂ V a cutset, so that G b as subgraph ofḠ b has a simple facef 1 where the interior and exterior contain faces of G.
Then {f ∈ F b |f ∈f 1 } (note that a face f ∈ F b is also a vertex in G b ) is a cutset in the dual graph G * of size at most l 2 if l is the number of directed edges inf 1 .
Lemma 1.5. Let G be an embedded simple graph with a 1-cut {v c } and a simple dual. If G b has a face f 0 with an internal component C and F C = ∅, then |F b | ≥ 5. Note that, for a 1-cut {v c },
Proof : Let C be such a component and
be a maximal path in the face f 0 ∈ F b containing (x 0 , x 1 ), so that x 1 , . . . , x i−1 = v c . We have x i = v c , but the path can not be the whole face, as in that case, the face would contain v c only once and would therefore be in F C . As G has no double edges, we have i ≥ 3.
For 0 < j ≤ i, we denote the face containing (x j , x j−1 ) by f j , so the faces f 0 , f 1 , . . . , f i are pairwise different as the dual has no double edges or loops. See the left hand side of Figure 1 for an illustration. As all faces f 0 , f 1 , . . . , f i contain vertices of C, they are either in F C or in F b , and as F C = ∅, Proof : If C is connected to more than one face, we have (b), so assume that C is inside a simple face f . Embedding f (with vertices occuring more than once replaced by copies), Z and a path from f to Z, we have a plane graph with (a directed version of) Z forming a face f 0 inside f . If f 0 is a face of G, we are in case (a). Otherwise we can recursively argue, that if we add the remaining edges to form the internal component containing C in the cyclic order
given by G, we either connect two faces in one of the steps (which means that we have case (c)) or we will just subdivide f 0 producing faces inside of it, which means that we end up in case (a). around v c belongs to C 1 and that the first edge (v c , c 2 ) that does not belong to C 1 belongs to
be the previous edge of (v c , c 2 ), so c 1 ∈ C 1 . As there is no edge to a face in
, so the path connecting c 1 and c 2 along the side not containing v c shows that they belong to the same bridge -a contradiction.
be an embedded simple bipartite multigraph of genus g with bipartition classes V 1 , V 2 , so that |V 1 | = 1 and that each vertex in V 2 has degree at least 2. If, for some k, we have that i faces have size less than 2k, then
If additionally there is at most one face of size 2, then
Proof : Summing up the face sizes and using lower bounds for the faces of size at least k as well as for the smaller faces, we get with f the number of faces and e the number of edges of G
Inserting this, with 1 + |V 2 | as the number of vertices of G into the Euler formula we get
As e ≥ 2|V 2 | we get
which is the first result.
If there is at most one face of size 2, then
Starting with this formula, a completely analogous computation gives the second result.
Main Results
Lemma 2.1.
a.) Let G be an embedded graph with a 1-cut that has a simple dual G * .
• If g(G) = 1, then G * has a cut of size at most 3.
• If g(G) = 2, then G * has a cut of size at most 5.
b.) Let G be a graph embedded on the torus, so that G has a 2-cut and a simple dual G * . Then G * has a cut of size at most 5.
Proof : a.) Note first that without the assumption of G * being simple, the statement is not true.
An easy counterexample would be the dual of We will use that the graph G b satisfies the conditions of Lemma 1.10 with V 1 = {v} and
So assume g = 1 and |F b,C | ≥ 4. Then -with g the genus of G b and k = 4 -Lemma 1.10
gives: Definition 3. Let G be an embedded graph and x, x be different vertices of G with e 1 , e 2 , . . . , e n the rotational order of incident edges around x and e 1 , e 2 , . . . , e m the rotational order around x .
Then we say that the graph where the vertices x, x are replaced by one vertex y with rotational order e 1 , e 2 , . . . , e n , e 1 , e 2 , . . . , e m of incident edges is obtained from G by identifying the angles e n , e 1 and e m , e 1 . By counting vertices, edges, and faces it is easy to see that if two angles in different faces are identified, the genus is increased by one and if two angles in the same face are identified, the genus remains the same.
Definition 4. Let G be an embedded simple graph with minimum degree at least 2 and x, y adjacent vertices of G with degree 3 and pairwise different neighbours. Let the rotational orders around x respectively y be (in vertex notation) y, w , v respectively x, w, v (compare Figure 3) , the ancestor of x in the rotational order around v be a 1 , the successor of x in the rotational order around w be b m , the successor of y in the rotational order around w be a n , and the ancestor of y in the rotational order around v be b 1 .
Then the result of identifying the two angles (v, a 1 ), (v, x) and (v , b 1 ), (v , y) and also the angles (w, y), (w, a n ) and (w , x), (w , b m ) is called the result of the H-operation applied to the edge {x, y}.
We write H {x,y} (G). See Figure 3 for an illustration. In principle, the H-operation can produce double edges and loops. After one of the angle identifications the genus is increased by one, but the second identification is then applied to angles in the same face, so the H-operation increases the genus only by one.
After the operation, the former vertices v, w, v , w are identified to 2 vertices that separate x and y from the rest. The H-operation has an impact on two faces that are replaced by two other faces.
Following the face boundaries of the new faces, one sees that there is a 1-1 correspondence between the old and new faces that induces an isomorphism of the dual graph. We will condense these observations in a note: As the dual is simple, the faces f 1 , f 2 , . . . , f 6 are pairwise distinct, as otherwise we would have a loop or a double edge in the dual. If we had, e.g.,
which would imply a loop or double edge at f 1 in the dual. Analogously, we can conclude that v 1 , . . . , v 6 are pairwise distinct. For all f ∈ F L , we have that s(f ) > 3, so
Inserting this into the previous equation, we get
Lemma 2.5. For c ≥ 3, the complete graph K c+1 can be embedded in a surface of minimal genus in a way that the dual is simple.
Proof : This is a consequence of the main result of <10>, but as this article is not yet accepted for publication in a refereed journal, we will give an independent proof here. We will use an argument involving chord exchange -an operation also used in <10>.
The minimum genus embedding of K 4 is unique and self-dual. For K 5 many torus embeddings with non-simple duals exist, but it is well known that K 5 also has a self-dual and therefore simple embedding on the torus.
In a simple embedded graph with minimum degree at least 2, all faces f with s(f ) ≤ 5 are simple -that is: each vertex v of the face occurs exactly in two directed edges of the face.
Otherwise, the distance between two occurrences as start-and end-vertex of a directed edge would be at most 2, so the graph would have a loop (distance 1) or the face would contain a path (v, v 1 ), (v 1 , v) which would imply that there is a double edge or that v 1 has degree 1.
No two different faces in an embedded graph G with minimum degree 3 and only simple faces can share two consecutive edges (v 1 , v 2 ), (v 2 , v 3 ) that are part of a face, as in that case v 2 would have degree 2. This implies that in such a graph a triangle cannot share more than one edge with another face. 4 ) be a subpath in a facial walk of a face f in an embedded (simple) graph G with minimum degree 3 and simple faces. We will show that there is no face different from f that is a triangle or quadrangle and contains two of the directed edges (v 2 , v 1 ), (v 3 , v 2 ), (v 4 , v 3 ). As shown, no face different from f can contain two of these edges sharing a vertex v i . So the only remaining case is that a quadrangle f q contains (v 2 , v 1 ) and (v 4 , v 3 ) and, in addition for each of {v 1 , v 3 } and {v 2 , v 4 }, exactly one of the two corresponding directed edges. As there must be a directed edge with initial vertex v 1 , f q must contain (v 1 , v 3 ) -which implies that there is no edge in f q with initial vertex v 3 . As each two edges in a quadrangle are contained in a facial path of length 3, this implies that two quadrangles cannot share more than one edge with each other.
As a consequence, we have that duals of embeddings of the complete graph with maximum face size 5 and no two pentagons sharing two edges are simple, as in a face f that is a quadrangle or a pentagon, each pair of different edges is contained in a path in f of length 3.
We will prove that each complete graph K c+1 with c ≥ 5 has a minimum genus embedding with maximum face size 5 and no two pentagons sharing two edges.
Let now K c+1 be embedded with minimal genus and f a face with s(f ) > 5. Lemma 2.4 and the fact that d ≤ 10 give that this is the only such face. If v = w are vertices in f , but {v, w} not an edge of f , then we can remove {v, w} from the rotational orders around v and w and place it in angles of v and w of f -that is: subdivide the face f . If the two faces containing (v, w) and (w, v) are different, this operation not only preserves the numbers of vertices and edges, but also the number of faces and hence the genus. We call this a chord exchange with {v, w}. As observed before, vertices at distance 2 in a facial cycle can not be identical, so, for each vertex v in f , there are at least 2 edges {v, w}, {v, w }, to which chord exchange can be applied. As we counted each such edge twice, there are at least s(f ) ≥ 6 candidates for chord exchange. As d ≤ 10, except for triangles, there can be one pentagon or alternatively at most two quadrangles. In each case, there is at least one candidate edge for chord exchange in f that is neither contained in a pentagon, nor in two quadrangles. Applying chord exchange to this edge, we get an embedding with maximum face size s(f ) − 1. Repeating this process until the maximum face size is at most 5, we get a minimum genus embedding with a simple dual unless we have exactly two pentagons and they share two edges. Lemma 2.6. For each c ≥ 6, the complete graph K c+1 can be embedded in a surface with minimal genus g in a way that the dual is simple and that there is an edge to which the H-operation can be applied.
W.l.o.g. let the two faces be (v
Proof : Let K c+1 be embedded with minimal genus in a way that the dual is simple. We want to prove that in the dual, there is a vertex v with only vertices of degree 3 at distance at most 2 to v. As vertices with degree 3 in the dual are triangles in the primal graph, we will discuss triangles in the primal graph.
With the notation of Lemma 2.4, each f ∈ F L is a vertex in the dual with degree s(f ). If
is minimal among all vertices f ∈ F L , then a vertex f of degree s(f ) can block at most 3s(f ) + 1 vertices (including itself). All vertices in F L together can block at most
2 and the number b l of blocked vertices in the dual is at most For c ∈ {6, 10, 11, 12}, the dual of each embedding has a vertex that is not blocked. For c ∈ {7, 8, 9, 13}, we can only draw this conclusion for an embedding with only one face that is not a triangle. In the appendix, we give such embeddings with a simple dual for K c+1 with c ∈ {8, 9, 13} to show that they exist. For c = 7, such an embedding does not exist, but we
give an embedding and an edge to which the H-operation can be applied.
For k ≥ 3, it is easy to determine the values of δ k (), as simple graphs can contain triangles which imply 3-cuts in the dual, but also some other exact values can be determined: is on one hand the genus of the complete graph K c+1 <3>
and on the other the smallest genus on which any graph with minimum degree c can be embedded, so that for s < for c > 6. We will not be able to decide which of the two possible values for δ 2 (c) is the correct one, but we will give an upper bound on δ 1 (c). As the definition requires G to be c-connected, it follows directly from the Euler formula that δ 1 (c) ∈ Ω(c 2 ), so at least in the Omega-notation the bound we will prove will be optimal. .
Proof : For 1 ≤ c ≤ 6, the exact values are given in Lemma 2.7. Let c ≥ 7, p ≥ c minimal with the property that p is odd, and q ≥ c 2 + 1 minimal with the property q ≡ 2 (mod 4) -so q ≥ 6. We will define an embedding of a graph G containing K p,2(q−1) as a spanning subgraph, so that the dual is simple and has a 1-cut. As K p,2(q−1) is a spanning subgraph with c = min{p, 2(q − 1)}, we have that G is c -connected and therefore also c-connected. In Figure 9 , a part of a minimum genus embedding of K p,q as described by Ringel <9> is displayed. If the vertex bipartition is V p = {1, 2, . . . , p}, V q = {1 , 2 , . . . , q }, then the cyclic order around the vertices given by Ringel is
(alternating index differences +1 and −3).
(alternating index differences +1 and +3
and replacing (q + 1) by 1 ).
For odd i ∈ V p , i ≥ 3: q , (q − 1) , . . . , 1 .
For even i ∈ V p , i ≥ 3: 1 , 2 , . . . , q .
For odd i ∈ V q : 1, 2, . . . , p.
For even i ∈ V q : p, p − 1, . . . , 1.
For p odd and q ≡ 2 (mod 4), the genus is equal to
and all faces are quadrangles <9>, so (see the proof of Lemma 2.5) no two faces can share more than one edge and the dual is simple.
Removing vertex 1 ∈ V q , we get one big face with all vertices of V p in the boundary. In this new embedded graph G 1 , some of the old quadrangles share 2 edges with the new, large face. The pattern in which faces occur two times in the boundary can be described based on the rotation system, but can best be seen in Figure 10 . In order to make sure that each face shares only one edge with another face, we construct the graph G 2 by adding edges {4k − 1, 4k} and {4k, 4k + 1}, for 1 ≤ k ≤ G 1 is isomorphic to K p,(q−1) . Taking two copies G 1 , G 1 of G 1 and identifying the vertex sets V p , V p with p vertices in any way using a bijection, we get K p,2(q−1) . Doing the same with copies G 2 = (V p ∪ V q , E ) and 
2'' Figure 11 : A fundamental polygon split into two parts and with instructions on how G 2 and G 2 are embedded into the two parts. The identification along the boundary is described by labelling arrows to be identified by the same symbol e i . The gluing into the polygon is described by giving the positions of the vertices i , respectively i . The extra edges not belonging to K p,q−1 are given.
vertex (p − 1) with 1 and vertex p with 2 . The rotational order around the vertices is given by adding the edges coming from the other graph in the formerly large face obtained by removing vertex 1 ∈ V q . This identification is displayed in Figure 11 , where, for the case p ≡ 3 (mod 4), also the edges between vertices of V p and the edges between vertices of V p are drawn to show that no double edges exist. It is easy to check that this also holds for
With s(e) the starting point of an arrow and t(e) the endpoint, for 1 ≤ i ≤ p − 2, the right hand side of the fundamental polygon gives s(e i ) = t(e i+1 ) and the left hand side gives t(e i+1 ) = s(e i+2 ), for 0 ≤ i ≤ p − 3. Together this gives s(e i ) = s(e i+2 ), for 1 ≤ i ≤ p − 3.
So all starting points of arrows with odd index are the same and all starting points of arrows with even index are the same. Together with s(e 1 ) = s(e p−1 ) (note that p − 1 is even) and t(e p−1 ) = t(e 1 ) = s(e 2 ), this gives that all start-and endpoints of arrows in the fundamental polygon correspond to the same point. So we get exactly one face that is not one of the triangles or quadrangles contained in G 2 and G 2 .
The same conclusion can of course also be obtained without use of the fundamental polygon in Figure 11 and arguing only with the rotational order around the vertices.
In order to compute the genus of the graph, we can neglect the edges added after removing the vertex 1 ∈ V q and compute the genus of the graph without these edges: each of the edges subdivides a face, so we have one edge more and one face more and the Euler characteristic doesn't change.
The embedding of K p,q is a minimum genus embedding with all faces quadrangles, so it has p + q vertices, pq edges and (pq)/2 faces. After removing vertex 1 , the graph has p + q − 1 vertices, pq −p edges and (pq)/2−p+1 faces. If G 3 is the result of identifying the vertices, G 3 has v(G 3 ) = 2(p + q − 1) − p vertices, e(G 3 ) = 2(pq − p) edges and, as during the identification the two large faces are replaced by one new face,
faces. The genus of the resulting graph G 3 equals
As all edges in G 3 have one of the small faces in G 2 and G 2 on one side, no two faces share more than one edge and the dual is a simple graph. All paths between vertices in the dual corresponding to small faces in different copies must pass through the new large face -so the vertex corresponding to the new face is a cut-vertex of the dual graph.
As we have chosen p and q minimal, we have c ≤ p ≤ c + 1 and c/2 + 1 ≤ q ≤ c/2 + 4.5. As q > 1, we have
3. The uniqueness of graphs with high connectivity and small genus A key to investigate, for which c we have δ 2 (c) = In fact in <8>, the uniqueness of the complete graph for c = 9 and c = 13 is not decided, and is explicitly posed as an open question. In the appendix, we give an embedding of the 9-connected graph K 11 minus a maximum matching with genus g = g(K 10 ) = 4, and an embedding of the 13-connected graph K 15 minus a maximum matching with genus g = g(K 14 ) = 10, showing that, for these last two cases, the complete graphs are also not unique. , it is -except for a finite number of exceptions -sufficient to study only genus embeddings of complete graphs and decide whether their dual can be a simple graph with a 2-cut.
Conclusions and future work
Though the general bounds for higher genus are relevant, it was most important to solve the problem for the first nontrivial case -the torus -completely, that is, be able to give exact values for the minimum connectivities that guarantee 3-connectivity, respectively 2-connectivity of the dual.
It was also astonishing to see that, if g(c) is the minimum genus on which a c-connected graph can be embedded, latest on genus g(c) + 1, c-connectedness does not guarantee 3-connectivity of the dual.
The fact that arbitrarily highly connected graphs can even have a cutvertex in the (simple) dual is also intriguing -though this may happen only for much higher genus than the occurrence of 2-cuts.
Nevertheless there are still many relevant open questions:
• It would be very interesting to characterize when δ 2 (c) = • The upper bounds for δ 1 () are very far from the lower bounds. Using the same techniques as in the proof of the upper bound, a small improvement might be possible by choosing p, q less generous and also considering the cases for bipartite graphs when q ≡ 2 (mod 4). For a substantial improvement of the upper bound or the lower bound, new ideas are necessary.
• In all examples constructed in this article, the embedded graph with high connectivity can also be embedded with smaller genus -so it is not minimum genus embedded. In Figure 12 , we give an example of a minimum genus embedding of a 3-connected graph on the torus where the dual has a 2-cut and is also minimum genus embedded. So also minimum genus embeddings of graphs with connectivity at least 3 exist that have a simple dual that is not 3-connected, but also minimum genus embedded. It would be interesting to know which of the results given are also valid for minimum genus embeddings. • Due to Whitney's theorem, in the plane, the statement that, for a 3-connected graph an embedding with a 3-connected dual exists and the statement that all embeddings have this property are equivalent. For higher genus, the statement that all embeddings have this property is false, but do there exist c ≥ 3 such that, for c-connected graphs, we have that, whenever an embedding with a simple dual exists, also an embedding with a simple 3-connected dual of the same genus exists?
• In <1>, a general approach to local symmetry preserving operations (encompassing the dual, truncation, ambo, chamfer, etc.) is described and it is proven (Theorem 5.2 in <1>) that all of them preserve the 3-connectedness of polyhedra. It should be straightforward to generalize that proof for 3-connected embedded graphs of higher genus and facewidth at least 3, but what about the general case? Which operations always preserve 3-connectedness and which ones do not? Is there an elegant characterization?
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